A general treatment of spin dependent components of non-equilibrium distribution function within the formalism of Boltzmann equation is developed and applied to the problem of magnetotransport in a system of magnetic granules embedded into a non-magnetic metallic host. Using a simple model for the spin dependent perturbation potential of the granules we find that the typical relationship between geometric parameters in granular systems gives rise to a peculiar structure of the distribution function for conduction electrons. Our treatment explicitly includes the effects of dipolar correlations yielding in a magnetoresistance ratio which contains, besides the common long-range-order term proportional to the square of uniform magnetization µ , an anisotropic contribution depending on the angle between electric and magnetic fields.
I. INTRODUCTION
Granular magnetic systems displaying giant magnetoresistance (GMR) effect [1] , [2] , were put forward as an alternative to the before known magnetic multilayers [3] , [4] due to their practical advantages of easier fabrication and higher stability. On the other hand, the relevant physics in granular systems presents greater challenges than in the rather well understood case of multilayers, where either classical [5] or quantum [6] solutions are available.
Of course, in all these cases the negative GMR has the same origin in that the conduction electrons with two spin polarizations flow easier at increasing alignment of localized magnetic moments. But a difficulty results from the fact that, while the magnetic state of a multilayered system is described by only few classical variables (the orientations of magnetization in each magnetic layer), that of a granular system involves a statistical ensemble of nanoscopic granule magnetic moments which generally cannot be considered independent. Also the magnetotransport in 3D granular systems cannot be reduced to any of the paradigmatic cases in layered systems, current-in-plane (CIP) or current-perpendicular-toplane (CPP) [7] . Nevertheless, there exists a definite relation between magnetotransport and magnetic properties of granular materials. Its simplest and commonly used form is the proportionality between the magnetoresistance ratio ∆ρ/ρ and the square of uniform magnetization, ∆ρ/ρ ∝ m 2 , as obtained by Zhang and Levy [8] in consideration of spindependent relaxation times within the simplest Drude formalism. This result should hold at least for a monodisperse system of granules with negligible short-range correlations between their magnetic moments and it turns a reasonable approximation in many practical cases.
However, notable deviations from this simple dependence were detected in more detailed experimental studies on real granular systems [9] . There are various reasons for such deviations, for instance, the dispersion of granule sizes leading to a disproportionate temperature effect on their magnetic moments (as was also noted by Zhang and Levy [8] ). Another important mechanism is due to the correlation between these moments, most pronounced when the applied magnetic field is not too strong compared with the intergranule (dipolar)
interactions. The way to explicitly introduce the effects of short-range correlations into the Drude approach to ∆ρ/ρ was first suggested [10] , considering inverse relaxation time as a spin-dependent tensor determined by the squared Born scattering amplitude of conduction electron by magnetic granules. This extends the Zhang and Levy treatment by including the non-diagonal terms in granule indices. Then the squared amplitude contains, apart from the ∝ m 2 term resulting from two scatterings of electron by magnetic moment of the same granule, also the correlation term ∝ cos θ 12 (θ 12 ≡ µ 1 µ 2 ), due to coherent spin-dependent scatterings by the moments µ 1,2 of two different granules.
It should be also mentioned that the most general treatment of transport processes, using
Green functions and Kubo-Greenwood formulas, presents considerable technical difficulties in the case of granular systems [11] , though various numerical techniques were applied to describe in this way the interplay of granule size dispersion and intergranule correlations [12] .
A natural step, in order to get a more consistent physical description of non-equilibrium electronic state of a granular system, was recently done by the authors [13] , [14] passing from the Drude scheme to that of kinetic Boltzmann equation with an explicit account taken of spin dependence in the electronic distribution function. The obtained results were in general agreement with the Drude scheme predictions for non-m 2 contribution to GMR from shortrange magnetic correlations but also permitted to conclude about essential difference between longitudinal and transverse correlations (with respect to the magnetization m) and hence about specific anisotropy of this contribution as a function of the angle θ h = EH between electric and magnetic fields in the granular sample. Here we present a detailed solution of
Boltzmann equation and the analysis of corresponding isotropic and anisotropic parts of GMR in a granular metal.
Below, in Sec. II we discuss the physical parameters for the considered system and the limits for validity of the related model. In Sec. III the spin-dependent Boltzmann equation for this model is formulated and in Sec. IV the explicit solution is obtained for the distribution function, emphasizing the importance of spin flip scattering in a situation where forward scattering dominates. Calculation of characteristic transport rates is described in Sec. V A, and the effect of dipolar interaction correlations using high temperature expansion in Sec. V B, the expressions for resistivity ρ and magnetoresistance ratio ∆ρ/ρ with various observable dependencies (including a weak dependence of ∆ρ/ρ on the angle θ h ) are also presented there. Finally, a general discussion and some comparisons to the previous theories are presented in section VI.
II. DEFINITION OF PHYSICAL SYSTEM AND MODEL
We consider a metallic system of identical magnetic spherical granules of radius r 0 , randomly embedded with volume fraction f into non-magnetic metallic matrix. This is a reasonable approximation to real granular alloys, like FeCu, CoAu, etc., where the magnetic component by transition (T) metal is mostly aggregated in standard granules (having sizes only slightly dispersed around the mean value and shapes of polyhedra faceted along lowindex crystalline planes, close to spheres). Conductance in such systems is mainly realized by s-like electrons, shared between noble metal (N) matrix and granules, and they are scattered by magnetic d-electrons only present in the granules (it should be noted that both T-and N-atoms occupy the sites in a common crystalline lattice). At room temperature, d-electrons are distributed in splitted spin subbands and provide almost saturated, uniform magnetization within each granule. However this magnetization can be randomly oriented in different granules. Since Fermi s-electron has in general different velocities in N-and T-metals and its spin is subjected to some contact interaction with the polarized spins of d-electrons (whole bands), the scattering operator can be modelled by the form [10] , [13] , [14] :
Here U and I are the parameters of potential and spin-dependent scattering, τ σσ ′ is the s-electron spin operator. The relevant variable for jth granule, the unit vector µ j along its magnetic moment, is considered classical and invariable at electron scattering events, since the net granule moment µ 0 typically amounts to ∼ 10 4 µ B and its coupling to the environment should be stronger than an energy transfer at electron spin flip. Thus the model, Eq. 1, implies transitions between different spin channels due to spin precession in the field of classical magnetization within a granule, rather than due to less probable spin flips by individual atomic scatterers. The function χ(r − R j ) is 1 when |r − R j | < r 0 , (r 0 being the radius of a granule) and zero otherwise, and its Fourier transform (see below) effectively accounts for a distinguished role of interface scattering which was to be specially introduced into the previous models. The scattering potential, Eq. 1, is also easily generalized to different sized granules.
In what follows, some important relations will be used between the characteristic length scales for this problem: the Fermi wavelength λ F = 2π/k F , the mean granule size d = 2r 0 , the mean intergranule distance D = (π/6f ) 1/3 d, and the mean free path ℓ for conduction electrons. Namely, we consider them to obey the following sequence of inequalities
which is rather realistic for experimental systems where typically λ F ∼ 0.5 nm, d ∼ 3 nm, D ∼6 nm, and ℓ ∼ 50 nm.
A particular physical consequence of the relation d ≫ λ F is that scattering is dominated by small angles as follows from standard diffraction arguments. We shall see that in this situation the spin flip scattering has increased importance in determining the structure of the stationary electronic distribution function.
III. SPIN-DEPENDENT DISTIBUTION FUNCTIONS AND BOLTZMANN

EQUATION
We use the description of non-equilibrium electronic state of a granular system, related to the scattering potential, Eq. 1, and subjected to external electric and magnetic fields, in terms of spin-dependent distribution functions f kσ obeying the kinetic Boltzmann equation
where v k is the conduction electron velocity and W kσ,k ′ σ ′ its transition probability from k ′ σ ′ to kσ state per unit time. In absence of fields, a trivial steady state solution holds
, describing the spin degenerate Fermi sphere. The electric field distorts the Fermi surface (FS) by shifting the Fermi sphere and the scattering redistributes electrons, a stationary distribution resulting from a balance between these two mechanisms.
The current density by two spin channels is given by
and in absence of spin flip scattering the up and down spin FS are independent. The σ spin FS distortion is proportional to τ σ , the corresponding relaxation time, and the conductivity is therefore proportional to τ ↑ +τ ↓ , a result used in [8] and [10] . Evidently, scattering between identical spin states is ineffective in relaxing the distortion of the FS if the angle of scattering is small. The characteristic transport factor 1 − cos θ in our case can be estimated as
However, if the spin flip scattering is present, it contributes very effectively, without the 1 − cos θ factor, to the relaxation of the difference between the up and down spin FS distortions. So, when scattering in mostly in the forward direction, the spin flip scattering forces the up and down spin FS distortions to be almost identical. One then finds that the transport time is given by
e. the rates, and not the times, must be averaged. We also include the effect of correlations between granule magnetic moments in a way that the scattering kernel of BE involves the connected correlation functions
where 
IV. SOLUTION OF KINETIC EQUATION
In presence of fields, we define a usual expansion to linearize BE
that is φ kσ can be interpreted as the FS deformation. Then Eq. 4 is expressed as
where
σ φ kσ . Now BE, Eq. 3, for spatially uniform steady state and with neglect of orbital effects by magnetic field, can be reduced to an integral equation for φ kσ
The angular integration in Eq. 7 is over FS and the kernel ω σσ
where ρ F is the Fermi density of states. The transition probability density Γ σσ ′ (k, k ′ ) can be written like in Refs. [10] , [13] , [14] , using the Fermi's golden rule
where V is the sample volume.
For the common case of point-like scatterers, the validity of Born approximation only requires that the relevant energy scales for perturbation, U and I, be small compared to the Fermi energy ε F [15] . But in our case, the finite size of scatterers also needs some consideration. In a nave view, the strength of perturbation could be represented by the scattering rates (see below)
where V 0 = πd 3 /6 is the granule volume. For a relevant choice of parameters: V 0 ∼ 10 nm 3 ,
this estimate ignores the fact that the scattering is mostly in forward direction. Taking this in account, the lifetime of a momentum state is estimated as :
Hence the condition of weak scatteringh/τ ≪ ε F remains valid even for values of U and I as large as ∼ 1 eV.
Then BE, Eq. 7, can be rewritten as an operator equation in the space of functions defined on FS,
where |φ E denotes the driving term and |φ σ the FS distortion for spin σ.
We use the angular momentum basis |ℓm and define the coefficients
so that
Note that since the driving term of BE is ev k · E ∝ ev k EY 0 1 (k), only the ℓ = 1, m = 0 component of |φ E is non zero. As was already mentioned, correlations induced by dipolar interactions lead to a dependence of the scattering kernel on the angle between the momentum transfer vector q ≡ k ′ − k and the external magnetic field, and it is convenient to separate out its (small) anisotropic part from the main isotropic one:
Let us first restrict consideration to the isotropic scattering kernel, ω
σσ ′ (q), which depends only on the angle between k and k ′ . The resulting operator in Eq. 11 is diagonal in the spherical harmonic basis with z axis along the only distinguished direction of electric field E (E-basis). Note that in this case the quantization axis for electron spin operator τ can be chosen arbitrary. Then, presenting the relevant solution as φ
10 we obtain its components φ (i) 10 and η
all other components of the FS distortion being zero. We should emphasize that, in any case, only the ℓ = 1 components of φ kσ contribute to the current. The rates appearing in Eq. 13 are given by
or, more explicitly,
Solving Eqs. 13, we obtain φ
tr where
is the transport relaxation time in isotropic approximation. Introducing φ k into Eq. 6 in the same approximation:
we arrive in a standard way at the Drude resistivity ρ = m e n e e 2 τ (i) tr .
As stated in Sec. II and explicitly shown below, the scattering probability Γ σσ ′ (k, k ′ ) is dominated by small angles θ kk ′ . As a result, the integrals in Eqs. 14 that involve the factor 1 + cos θ are larger then those with 1 − cos θ by a factor of (k F d) 2 . They appear only in ω aa (and cancel in ω sa ) so that
Considering the definitions of Eq. 14, we can easily conclude that
where the rates τ and the neglected term in Eq. 16 turns out to be about 0.5% of the term retained.
The weak anisotropic term of the scattering kernel,ω
σσ ′ , due to the correlation between magnetic moments, can be easily included into the present treatment in a perturbative way.
Then Eq. 11 reads
and the solution can be written as |φ σ = |φ
σ , where |φ
is a small anisotropic perturbation. To lowest non zero order in it, we have
Projecting out the ℓ = 1 and m = 0 components and using the facts thatω tr , Eq. 15, and to the order of accuracy that we are working in Eq. 18, we may write
One might question at this point, whether it is legitimate to include this last correction while neglecting the second term in Eq. 15. It should be stressed however that the two terms in Eq. 19 are of the same order with respect to the small parameter 1/(k F d). So our theory is consistently a lowest non zero order theory in this small parameter. On the more practical side, we will see that for typical parameter values this correction, arising from spin correlations, can in fact be more important than the terms neglected in Eq. 16.
V. CALCULATION OF TRANSPORT RATES A. Isotropic Kernel
The principles for the calculation of the scattering rates have already been spelled out in Ref. [10] . The explicit squaring of the matrix element in Eq. 9 gives
where the function ψ(x) = 3(sin x−x cos x)/x 3 is the structure factor of a sphere, the Fourier image of the function χ(r). It is due to the presence of factors ψ 2 (qr 0 ) in the integrals of Eq. 14 that only values of q ≤ r In Eq. 20 the contribution from scatterings by a single granule (terms with i = j) is simply:
since i V 0 = f V and µ 2 i = 1. In the terms with i = j, corresponding to correlated scatterings by granule pairs, we use the connected correlation functions, Eq. 5, to average the magnetic moments. Then it is straightforward to obtain the explicit formulae for diagonal and non-diagonal components of isotropic and anisotropic parts of the scattering rates, Eq.
12:
Here g(q) is the pair correlation function, already calculated in Refs. [10] , [13] using the excluded volume approximation
(a delta function at q = 0 is neglected because it gives a zero contribution to the integrals over q). The correlation functions C (q) ≡ C z (q) and C ⊥ (q) ≡ C x (q) + C y (q) and the relevant average µ z are calculated in the same approximation in Appendix B.
The angular integrations appearing in Eq. 14 can now be transformed to integrals over the momentum transfer q. They can be classified in terms of inverse powers of the large parameter k F d (see Appendix A). The terms, involving the factor 1 + cos θ, are of the order
2 whereas the factors involving the factor 1 − cos θ ∝ q 2 are smaller by a
In the absence of correlations the result for the transport rate is quite simple (see Eq.
15)
where γ 2 = γ 
This result is identical to the first two terms of Eq. (18) in Ref. [10] and it gives a magnetoresistance proportional to the square of magnetization
Such proportionality of the magnetoresistance to µ z 2 was also found by Zhang and Levy [8] , but as it will be discussed in more detail in Sec. VI, this result is obtained on quite different grounds.
B. Contribution of Correlations
A calculation of the effect of correlations on transport requires explicit expressions for the correlation functions. In this article we consider only the high temperature limit of dipolar interactions, k B T > µ 2 0 /D 3 when the high temperature expansion is meaningful.
The calculation gives (see Appendix B)
L 2 factor is related to the common field effect on the magnetization. A more subtle field effect on the transport follows from the factor P 2 (x) ≡ (3x 2 − 1)/2, depending on the angle θ q,h between the scattering vector and the external magnetic field. This dependence results from the calculation of the correlator C(q) using the H-basis (that where z-axis is along H).
It eventually introduces a dependence of the transport time on the angle θ h between the current and the magnetic field (between E-and H-bases). Returning again to the E-basis (with H lying in the xz plane) for integration in Eq. 8 and using the results of Eq. 21, one readily arrives at the following expression for the relevant rate ω (a)
ss :
The arguments of ψ functions contain q = 2k F sin(θ kk ′ /2) were θ kk ′ is the angle between k and k ′ . The integrals over Ω k and Ω k ′ in Eq. 26 are calculated using the addition theorem for spherical harmonics to give
So, finally we obtain for the transport rate n e e 2 m e ρ = τ
where again a background contribution, τ Eq. 24 to
The last term in the brackets just describes the deviation from ∼ µ z 2 behavior of GMR due to dipolar magnetic correlations.
VI. DISCUSSION AND CONCLUSIONS
If we ignore for the moment the correlation effects, we predict a simple scaling
like that by Zhang and Levy [8] , whereas Pogorelov et al [10] predicted a more complicated dependence (see their Eq. 19).
However, our agreement with the prediction of Zhang and Levy is in a sense a coincidence, since the mechanisms are quite different. As stated above these authors do not consider spin flip scattering and assume that individual moments inside each granule are uncorrelated.
They define
and find that τ 0 is independent of magnetic field and τ
is proportional to the granule magnetization. Since spin flip scattering is not considered, the transport time is given by
from which Eq. 28 follows.
In our model, all the magnetic ions moments in a granule scatter as a single superparamagnetic moment. This is also the reason why we were able to consider spin flip scattering as elastic. The granule moment acts as a macroscopic field, in which the conduction electron spin precesses, having a non zero amplitude of probability to emerge in a flipped spin state. This approach looks reasonable when the temperature is well below the bulk Curie temperature of the granule metal. We obtain τ and the dependence of Eq. 28 is recovered. However the prefactor of this dependence cannot be compared to that by Zhang and Levy as they refer to utterly different mechanisms.
A simple estimate of this prefactor can be obtained by assuming that the background resistance is that of the noble metal matrix, ρ b . This approximation is reasonable if the volume concentration of granules is small, f ≪ 1 . In that case at zero field we have
This predicts a linear increase of the excess resistivity with the volume factor of the magnetic metal, f . Since the forward scattering rates, γ , the prefactor of the field dependent terms in Eq. 27 can be written as
The factor β/2α ≈ 0.47 ln(k F d) is very weakly dependent on the system parameters (for 
The function R is defined by
where µ z , to the first order in high temperature expansion, is given by (see Appendix B)
and N z is the demagnetizing factor of the sample.
The effect of spin-spin correlations on transport is contained in the second term of Eq. 30.
Our treatment applies to dipolar interactions in the high temperature limit µ This dependence on the relative orientation of electric and magnetic fields is due to the anisotropic nature of the dipolar interactions. The correlation between two granules is ferromagnetic for the moment components along the direction joining the granules but antiferromagnetic for the perpendicular components. At least, the correlation correction vanishes and linearity of ∆ρ/ρ vs µ z 2 is restored for the particular angle θ h = arccos 1/ √ 3 ≈ 55
• . These features, together with a specific temperature dependence, should facilitate experimental detection of the dipolar correlation effect in GMR of granular metallic systems.
To conclude, we would like to stress once more that these results follow from a peculiar structure of the electron distribution function, resulting from that fact that magnetic scattering is mostly in the forward direction, and so the relaxation rate of the difference between the up and down spin FS is the fastest one, leading to identical up and down spin FS distortions. This behavior will occur whenever large structures dominate magnetic scattering, and will apply to other systems, such as disordered systems not too far from magnetic percolation transitions. in Eqs. 14 involves the following integrals:
where γ E ≈ 0.5772 is Euler's gamma. The transition rates, Eq. 19, are simply expressed through these integrals:
and in the limit of k [18] . To the first order, we obtain for the magnetic moment µ z and the moment-moment correlation function
with x = µ 0 h/k B T . These expressions must still be averaged over the positions of the granules. We assume a uniform distribution with the excluded volume constraint [10] and obtain for µ z :
which can be written in terms of the classical demagnetizing factor N z of the granular sample as 
